Abstract-Broad-band electromagnetic induction (EMI) methods are promising in the detection and discrimination of subsurface metallic targets. In this paper, the quasi-magnetostatic solution for a conducting and permeable prolate spheroid under arbitrary excitation by a time-harmonic primary field is obtained by using the separation of variables method with vector spheroidal wave functions. Numerical results for the induced dipole moments are presented for uniform axial and transverse excitations, where the primary field is oriented along the major and minor axis of the prolate spheroid, respectively. We show that the EMI frequency responses are sensitive to the orientation and permeability of the spheroid. An approximation is also developed that aims to extend the exact solution to higher frequencies by assuming slight penetration of the primary field into the spheroid. Under this approximation, a system of equations that refers only to the external field expansions is derived. It is shown that, for spheroids with high relative permeability, this approximation is in fact capable of yielding an accurate broad-band response even for highly elongated spheroids.
I. INTRODUCTION
T HE DETECTION and identification of buried unexploded ordnance (UXO) is a problem of great practical importance. Electromagnetic methods from ground-penetrating radar to induction devices are useful in detecting these objects [1] . The issue of identification is considerably more difficult. The development of advanced broad-band ( 30 Hz-20 kHz) induction devices [2] , [3] has prompted researchers to investigate the electromagnetic induction (EMI) frequency response from ferrous metallic objects. However, while the EMI response from a conducting and permeable sphere is well known [4] , the cor-responding analytical and/or numerical solutions for nonspherical objects did not exist until recently [5] - [8] . In [5] , the EMI response of a conducting and permeable spheroid under axial excitation (i.e., the primary field is constant in magnitude and oriented along the symmetry axis of the spheroid) was obtained using the separation of variables method. By exploiting the azimuthal symmetry of the problem, it was shown that the problem can be formulated using only the scalar spheroidal wavefunction. In this paper, we present a formulation to give the quasimagnetostatic solution for a prolate spheroid under arbitrary excitation. This means that the primary field can be oriented in an arbitrary direction with respect to the symmetry axis of the spheroid and can be spatially nonuniform in general.
We formulate the problem using a separation of variables method where the field internal to the spheroid is expanded in terms of vector spheroidal wavefunctions, a technique that has been used extensively to study electromagnetic wave scattering by dielectric spheroids [9] - [11] . However, our problem differs from the usual scattering problems in the following important ways. First, in the quasi-magnetostatic regime, the displacement current is negligible compared to the conduction current. This results in a wavenumber with equal real and imaginary parts. Thus, the physical nature of the present problem is more properly described as a diffusion problem. Second, the external field is taken to be static (in the sense that -the external field still oscillates in time with ). While this can be regarded formally as the limit of the wave problem as the wavenumber , we prefer not to do so to bypass the anticipated analytical and numerical difficulties in performing such a limit.
In Section II, we present the formulation of the quasi-magnetostatic solution using the separation of variables method in spheroidal coordinates. In Section III, numerical results are shown for the case of uniform primary field excitation. In Section IV, an approximate system of equations for the external field is derived by introducing and making use of the small penetration-depth approximation (SPA). We summarize the results and give our conclusions in Section V.
II. FORMULATION
A conducting and permeable prolate spheroid with semi-major axis and semi-minor axis is placed in a time-harmonic primary magnetic field ( . The prolate spheroidal coordinate system is specified by (; ; ). The surface of the spheroid is given by = = e= p e 0 1 where e = b=a is the elongation ratio.
by
, which can be related to Cartesian coordinates as [12] (1) where , , , and is the focal distance. The surface of the spheroid is specified by , where is known as the elongation ratio.
In the quasi-magnetostatic regime, the displacement current can be assumed to be negligible in comparison with the conduction current. The magnetic field inside the spheroid satisfies the vector wave equation [13] (2) with . Thus, the field inside the spheroid can be expanded using the (divergence-free) vector spheroidal wavefunctions of first kind [12] , which are regular at the origin (3) where is the dimensionless spheroidal wavenumber. The vector wavefunctions can be generated from the scalar wavefunction as follows:
with (6) where and are the spheroidal angle and radial functions, respectively, while the azimuthal function is simply (7) Note that other choices for generating the vector wavefunctions are possible besides (4) and (5), cf. [11] and [12] . The -vector wavefunctions used here represent a common choice for scattering problems [9] , [10] .
To simplify notation, the superscripts and on the spheroidal wavefunctions will henceforth be dropped. Unless otherwise indicated, we will also dispense with the explicit dependence of the spheroidal wavefunctions on .
Outside the spheroid, the medium is only poorly conducting and weakly magnetic. Thus, in the quasi-static limit, and the magnetic field can be obtained from its scalar potential, which satisfies the Laplace equation. We define a scalar potential such that the external magnetic field is . The total external magnetic field can be written as a sum of the primary and secondary fields, i.e., (8) The primary field potential is expanded as (9) where and (10) is the spheroidal Laplace solution of first kind which is regular at the origin . The source coefficients are determined from the primary field. The functions and are the associated Legendre functions of first kind. The associated Legendre functions used here follow the convention of [14, eqs. 8.6.6 and 8.6.7] , which is slightly different from that of [12] .
Similarly, the secondary magnetic field potential can be expanded as (11) where (12) is the spheroidal Laplace solution of second kind which is regular at infinity . The function is the associated Legendre function of second kind.
The boundary conditions are specified by the continuity of tangential components of and normal component of at the surface of the spheroid [13] (13)
where is the relative permeability of the spheroid with respect to its surrounding.
The vector spheroidal wavefunctions in component forms are given in Appendix I. In matching the boundary conditions, first note that from (7) (16) where for and vice versa. Then matching the angular component according to (13) gives (17) where we have made use of the orthogonality property of and to eliminate the sum over the indices and . However, the sum over must be retained because no such orthogonality condition exists between the angular functions and . In general, and are orthogonal only when . This accounts for the complexity of the two-media spheroidal boundary value problem.
Similarly, matching according to (15) gives (18) Matching according to (14) gives the third set of equations (19) Equations (17)- (19) are used to determine the field expansion coefficients , , and . Further simplifications can be made by considering the parity of the dependence on the left-and right-hand sides of these equations. Take (18), for example. Under the parity transformation , the th term of its right-hand side, due to the functional form of , gives a factor of . On the other hand, and gives and , respectively. These can be deduced from their expressions in Appendix I and the fact that has the same parity property as [12] . These considerations imply that excitations with even and odd are decoupled and can be treated separately. If for even, then , , and can be nonzero only for . This will be referred to as the case of even excitation. If for odd, then , , and can be nonzero only for . This will be referred to as the case of odd excitation.
Note that (17)-(19) must hold for all on the surface of the spheroid. A common procedure to solve such equations is to expand the left-hand sides, which are regular functions of , in terms of an infinite series of . This can be accomplished by multiplying both sides of the equations by , , and integrating over from 1 to 1. Applying this "testing" procedure to (18) and (19) yields respectively (20) and (21) The integrals , , , and are matrices that couple different angular modes as a result of the nonorthogonality of the angular wavefunctions. They are defined in Appendix II.
For the angular component, the angular dependence of the right-hand side of (17) is . Multiplying the right-hand side with and integrating would result in a somewhat complicated expression on the right-hand side. We prefer therefore to multiply both sides of (17) by the factor before applying the testing procedure. Since The definitions for and can be found in Appendix II.
Equations (20), (21), and (24) are the master equations with which the unknown expansion coefficients can be solved. Using (20), we can solve for in terms of and (25) Incidentally, (25) can be used to obtain the high-frequency limit for . In this limit, only surface currents exist; therefore, the internal field must vanish. Thus, setting in (25) gives as (26) which is only a function of (or equivalently elongation ratio ) and the source vector . To obtain numerical results, the infinite system of equations must be truncated. Let be the maximum order of coefficients considered, i.e., (even excitation) or (odd excitation) for
. We choose such that is even. Then the total number for each set of coefficients is . To cast the system of equations in matrix form, we let, for even excitation: Thus, we only need to solve for using (33). The size of the truncated system of equations in this case is reduced to (for either even or odd excitation).
III. NUMERICAL RESULTS FOR UNIFORM PRIMARY FIELD EXCITATION
In many practical applications, the primary field can be taken to be spatially uniform in the region of interest. In this section, we present numerical results for uniform field excitation. Without loss of generality, we let the primary field be in theplane
The corresponding scalar potential in spheroidal coordinates is (38) In this case, is nonzero only for and while can be either 0 or 1. The case of corresponds to a primary field oriented along the axis ( ) and is referred to as the axial excitation, while the case corresponds to a primary field oriented along the axis ( ) and is referred to as the transverse excitation. The general case of arbitrary can be obtained by superposition of these two solutions.
Note that axial excitation is odd ( is odd) while transverse excitation is even ( is even). Thus, and only for under axial excitation and transverse excitation, respectively. The secondary field has the following potential:
(39)
Far-Field Response
In the far field, . In this case, the leading order behavior of is [14, eq. 8. 
Thus, the leading order contribution to the secondary field comes from the terms in (39). Moreoever, as , the spheroidal coordinate system reduces to the spherical coordinate system: and . Equation (39) becomes (41) When comparing results with different physical parameters, it is convenient to normalize the axial and transverse dipole moments such that they approach one asymptotically at high frequency. The normalized dipole moments and is also known as the polarizability [5] . It follows from (26) and (38) 
Numerical Results
To obtain the numerical results presented here, we find it sufficient to truncate the system of equations at . The spheroidal wave functions are computed by expanding in an infinite series of associated Legendre functions and in an infinite series of spherical Bessel functions, where the expansion coefficients depend on . More details on the computation of these functions can be found in [5] . These expansions work well for low to moderate frequencies [12] . Due to numerical problems associated with calculating the spheroidal wavefunctions at high frequencies, we find that we have to terminate the solution at (independent of other parameters). Since where increases with elongation, the termination occurs at a lower frequency for a more elongated spheroid.
Figs. 2 and 3 show respectively the induced dipole moment as a function of the characteristic size parameter (the induction number) for the case of axial and transverse excitations with . Both the real part (in-phase component) and the imaginary part (quadrature component) of the dipole moment are shown. The elongation ratio is varied from 1 (sphere) to 10. The behaviors of the induced dipole moment can be understood qualitatively by recognizing the interplay of two physical processes. First, the nonzero magnetic susceptiblity of the spheroid causes the spheroid to be magnetized even at zero frequency. Second, the time-varying magnetic field that penetrates the body induces a volume current inside the spheroid. The induced current lags behind the primary field and gives rise to an imaginary part in the induced dipole moment. At very high frequency, the induced current is limited to the surface of the spheroid and is 180 out of phase with the primary field (Lenz's law). Thus, the quadrature response approaches zero at both the low and high induction numbers and is largest at some intermediate induction number, while the real part changes its sign as the induction number increases.
It is important to note that the broad-band responses for different elongations are very different depending on whether the excitation is axial or transverse. For the axial case, the location of the minimum in the imaginary part clearly shifts to the left as increases. In contrast, for the transverse case, there is very little change in both the real and imaginary parts as varies. Thus, an elongated object oriented with its major axis along the primary field will exhibit much more significant low-frequency behaviors.
To investigate the dependence of the solutions on the relative permeability, we show in Figs. 4 and 5 the axial and transverse induced dipole moments, respectively, for the case of . For a fixed induction number, the product of is constant. Thus, increasing has the equivalent effect of decreasing . As a result, the curves for appear to shift to the right (higher induction number) when compared to the corresponding solutions for . This is most evident when looking at the real part of the responses. On the other hand, it is important to recognize that, since the relative permeability also comes into the system equations explicitly through the boundary condition (15) , it could have an additional impact on the solutions besides its effect through the induction number. Indeed, numerical results for finite-length cylinders indicate that, when the aspect ratio is large enough, the maximum of the quadrature response under axial excitation actually shifts to the left (lower induction number) when increases [15] . This, however, cannot be confirmed here due to the early termination of the responses at high elongation ratios.
IV. SMALL PENETRATION-DEPTH APPROXIMATION
The solution presented in Section II is formally exact and applicable for any elongation and frequency within the quasi-magnetostatic assumptions. Nevertheless, as we have seen in Section III, numerical results for the solution require the evaluation of the radial and angular spheroidal wavefunctions, which are only readily computed for small and moderate values of frequency parameter . It is therefore desirable to establish an alternative formulation that avoids any reference to the spheroidal wavefunctions and that would be applicable at least for high frequencies.
For high frequencies, the internal fields are only nonzero in a thin layer beneath the surface. Thus, the internal field must decay rapidly near the surface. This implies that terms with the normal derivative would be dominant near the surface. Under this small penetration-depth approximation (SPA) condition, the vector wave equation (2) where the plus sign for has been chosen so that the field decays inward.
Using (2) together with the SPA condition, the normal component of the internal field on the surface can be found from the tangential components by (58) Making use of the boundary conditions (13)- (15) at , we obtain (59) which refers only to the external fields. In (58) and (59), it is understood that the metric coefficients are to be evaluated at .
The field expansions for can be obtained from (11) and (9) . Putting these field expansions into (59), we obtain (60) where (61) Note that also depends on and , but these dependencies are suppressed. Now multiply both sides of (60) by and integrate over . The final system of equations for is At very high frequency, the terms with the coefficient dominate, and we get the limit (64) which is identical to (26). The SPA approach developed here is based on similar thin-skin physical arguments employed in the high-frequency approximation used in [5] for axial excitation. The latter approach assumes an expression for the azimuthal component of the electric field much like (52) for the magnetic field. The resulting system of equations is different for the two approaches. However, where these two approaches are valid, the two solutions should be close to each other. The present approach also bears some similarity to the numerical thin skin approximation (TSA) approach used in [6] , where the approximation ansatz is used for the normal component of the magnetic field-as opposed to the tangential components that are found here.
Numerical results for can easily be obtained by truncating the infinite system of equations and evaluating the integrals in using Gaussian quadrature. Using (62), we compute the solutions corresponding to the uniform primary excitation as in Section III. The strength of this new system of . In this case, the SPA results are not only accurate at high induction numbers as expected, but they provide a reasonable approximation at low induction numbers as well. This means that for spheroids with large , the SPA of (62) is capable of providing reasonably accurate, broad-band EMI responses for a wide range of elongations.
V. CONCLUSION
We have obtained the quasi-magnetostatic solution for a conducting and permeable prolate spheroid under arbitrary excitation using the separation of variables method in prolate spheroidal coordinates. Since the surrounding medium is assumed to be poorly conducting, we consider a "hybrid" problem where the full-wave expansion of the internal field is matched with the static expansion of the external field. The vector spheroidal wavefunctions provide a basis for the internal field expansion. We derive a system of equations from which the unknown expansion coefficients can be solved. Numerical results are presented for the case of uniform primary excitation. It is shown that the frequency response of the induced dipole moment is notably different depending on the orientation of the spheroid with respect to the primary field. It is also sensitive to the permeability of the spheroid relative to the background.
Due to numerical problems associated with the computation of the spheroidal wavefunctions at high frequencies, the exact solutions are available only up to a certain cutoff induction number, which decreases as the elongation ratio increases. Since a broad-band response is desired, we make use of the small penetration-depth approximation for the internal magnetic field to derive a system of equations that refers only to the external field. Thus, the difficulties with the spheroidal wavefunctions do not arise here. Moreover, even though the SPA was developed for high frequencies, it appears to provide a good approximation at all frequencies for spheroids with large relative permeability ( -as is characteristic of steel, for example). Thus, the relatively simple equations derived under this approximation could serve very well in the development of model-based inversion methods, where fast-forward model calculations are a prerequisite. Should higher accuracy or lower relative permeability be required, the simple and pragmatic method of rational function approximation presented in [5] can be adopted to bridge the "frequency gap" between the exact numerical results on the low induction-number end and the SPA results on the high induction-number end.
APPENDIX I VECTOR SPHEROIDAL WAVEFUNCTIONS
For computational purposes, it is convenient to express the vector spheroidal wavefunctions of (4) and (5) The explicit expressions of and for are given in Appendix I. Once they are determined, the integrals can be easily evaluated numerically by Gaussian quadrature.
The system matrices and are given as follows. We distinguish the cases of even and odd excitations by defining for even excitation for odd excitation.
The matrices are of size . For ,
In (114), (116), and (118), the upper sign is for even excitation and the lower sign is for odd excitation. The matrices are of size . For
where is the Kronecker delta.
